We have extended the momentum-dependent local-ansatz (MLA) wavefunction method to the first-principles version using the tight-binding LDA+U Hamiltonian for the description of correlated electrons in the real system. The MLA reduces to the Rayleigh-Schrödinger perturbation theory in the weak correlation limit, and describes quantitatively the ground state and related low-energy excitations in solids. The theory has been applied to the paramagnetic Fe. The role of electron correlations on the energy, charge fluctuations, amplitude of local moment, momentum distribution functions, as well as the mass enhancement factor in Fe has been examined as a function of Coulomb interaction strength. It is shown that the inter-orbital charge-charge correlations between d electrons make a significant contribution to the correlation energy and charge fluctuations, while the intra-orbital and inter-orbital spin-spin correlations make a dominant contribution to the amplitude of local moment and the mass enhancement in Fe. Calculated partial mass enhancements are found to be 1.01, 1.01, and 3.33 for s, p, and d electrons, respectively. The averaged mass enhancement 1.65 is shown to be consistent with the experimental data as well as the recent results of theoretical calculations.
Introduction
The density functional theory (DFT) has been well developed in the past half century towards quantitative description of the properties of solids, and acts nowadays as a powerful tool for explaining the ground-state properties of materials and their electronic structure. In fact, the DFT based on the local density approximation (LDA) or generalized gradient approximation (GGA) explains many aspects in solids such as the cohesive properties, the Fermi surface in metals, and optical properties of metallic systems. 1, 2) The DFT, however, is not sufficient to describe quantitatively the properties of more correlated electron systems. For example, it fails in explaining the reduction of the cohesive energy in 3d transition metals, 3 ) the formation of a satellite peak in the X-ray photoemission spectroscopy (XPS) data of Ni, 4, 5) and the angle resolved photoemission spectroscopy (ARPES) data in Fe pnictides and cuprates.
These properties cannot be understood without taking into account directly the many-body effects, i.e., electron correlation effects.
In order to describe the many-body phenomena which cannot be explained by the band theory, various theories have been developed so far. These theories are based on the variational method, the Green function techniques, as well as the numerical techniques such as the exact diagonalization method and the quantum Monte-Carlo (QMC) technique. The dynamical mean field theory (DMFT) combined with the LDA+U Hamiltonian, 6, 7) which is equivalent to the first-principles dynamical coherent potential approximation (DCPA) we developed, 8, 9) is such an approach based on the Green function technique and the effective medium method. In this approach, we can replace the surrounding interactions with an effective medium and solve the impurity problem using various methods. The theory has been applied to many systems with strong electron correlations.
The variational approach is the simplest and oldest methods to treat electron correlations at the ground state. [10] [11] [12] The trial wavefunction is chosen to include the minimum basis set with variational parameters. The Gutzwiller wavefunction (GW) [13] [14] [15] is one of the popular ansatz, and has been applied to a number of correlated electron systems such as Ni 16) and Fe pnictides. 17, 18) The method has been extended to the first-principles version on the basis of the LDA+U Hamiltonian. 19, 20) The first-principles GW theory has been applied to many systems, and clarified the physics of electron correlations such as the correlation effects on the magnetism, the heavyfermion behavior, and the metal-insulator transition.
The Gutzwiller wavefunction however does not reduce to the second-order perturbation theory in the weak Coulomb interaction limit. Therefore it does not describe quantitatively the properties of correlated electron system. This is serious for the quantitative description of effective mass enhancement factor associated with the low energy excitations in the vicinity of the Fermi surface, because it is obtained by a renormalization of the counterpart in the weak Coulomb interaction limit according to the Fermi liquid theory.
In order to overcome the difficulty, we recently proposed the momentum-dependent local ansatz (MLA) wavefunction which goes beyond the GW. [21] [22] [23] The MLA is an extension of the local ansatz approach (LA) in which the residual Coulomb interaction operators are used to expand the Hilbert space for describing electron correlations. [24] [25] [26] In the MLA, we expand the Hilbert space by means of the two-particle excited states with momentum-dependent variational parameters in the momentum space, and project these states onto the local orbitals again. In this way, we can obtain more flexible correlated electron states. The theory overcomes the Gutzwiller wavefunction method and describes quantitatively the physical quantities associated with the low energy excitations such as the mass enhancement factor. In the next papers, 27, 28) we generalized the MLA introducing a hybrid wavefunction (HB) as a starting wavefunction, whose potential flexibly changes from the Hartree-Fock type to the alloy-analogy type by varying a weighting factor from zero to one. The HB-MLA can describe the correlated electron system from the weak to the strong Coulomb interaction regime, including the 2/30 metal-insulator transition in infinite dimensions.
In this paper, we extend the MLA to the first-principles version on the basis of the tight-binding LDA+U Hamiltonian towards the quantitative description of correlated electron system. The firstprinciples MLA holds the high momentum and total-energy resolutions in the numerical calculations of the ground-state properties such as the momentum distribution function (MDF) and the groundstate energy because all the physical quantities in the MLA are expressed analytically and they are calculated with use of the Laplace transformation which transforms the 6-fold energy integrals into the 2-fold time integrals. We also point out that the present theory is the first which quantitatively explains the mass enhancement factor m * /m of Fe at zero temperature because most of the LDA+DMFT calculations for m * /m are limited to the finite temperature case 29) and the zero-temperature calculations of the LDA+DMFT with use of the three-body theory failed in the quantitative explanation of experimental data of bcc Fe. 30) Furthermore the method has an advantage that it allows us to calculate any static physical quantities because we know the wavefunction itself.
Using the first-principles MLA, we examine the effects of the intra-orbital correlations, the interorbital charge-charge correlations, and the inter-orbital spin-spin correlations (, i.e., the Hund-rule correlations), on various quantities of the paramagnetic bcc Fe. We discuss the role of electron correlations on the correlation energy, charge fluctuations, amplitude of local moment, as well as mass enhancement factor. We demonstrate that the intra-orbital correlations and the inter-orbital chargecharge correlations make a significant contribution to the correlation energy and the suppression of charge fluctuations, while both the intra-orbital correlations and the inter-orbital spin-spin correlations cause the enhancement of the amplitude of local moment as well as the mass enhancement in Fe. We also show that the momentum distribution function strongly depends on the wave vector k because of the d electron correlations. The calculated average mass enhancement factor m * /m = 1.65 is consistent with the experimental data obtained by the low-temperature specific heat [31] [32] [33] and the angle resolved photoemission spectroscopy (ARPES), 30) as well as the recent result of the LDA+DMFT calculations. 29) Preliminary results of the present work which were based on the lowest order calculations have been published as a proceedings. 34) In the following section, we present the first-principles MLA based on the tight-binding (TB) LDA+U Hamiltonian. We will introduce three kinds of correlators with the momentum dependent variational parameters, and construct the MLA wavefunction using them. We derive the correlation energy within the single-site approximation (SSA), and obtain the self-consistent equations for the momentum-dependent variational parameters. We also obtain the expressions for the charge fluctuations, the amplitude of magnetic moment, the momentum distribution function (MDF), as well as the mass enhancement factor. In §3, we present our numerical results of the calculations for the bcc Fe.
We examine the ground-state correlation energy, the charge fluctuations, and the formation of amplitude of magnetic moment as a function of the Coulomb interaction strength. We also discuss the MDF, as well as the average mass enhancement of bcc Fe in comparison with those obtained by the other 3/30 methods. We summarize our results in the last section, and discuss the remaining problems.
Theory of the First-Principles MLA
We consider the transition-metal system with an atom in the unit cell for simplicity, and adopt the first-principles LDA+U Hamiltonian, which is based on the tight-binding linear muffin-tin orbital method. 7, 9) 
H 1 and H 2 denote the non-interacting and interacting parts of the Hamiltonian H. The former is given by
Here ǫ 0 L is the atomic level of orbital L on site i. t iL jL ′ is the transfer integral between iL and jL ′ . 
Here n iLσ is the charge density at the ground-state, E U LDA is a LDA functional for the intra-atomic Coulomb interactions. 7) In the LDA+U Hamiltonian we assume that the sp electrons are well described by the LDA in the band theory, and take into account only on-site Coulomb interactions between d (l = 2) electrons, so that the interaction part H 2 in Eq. (1) is expressed as follows.
Here U mm (U mm ′ ) and J mm ′ denote the intra-orbital (inter-orbital) Coulomb and exchange interactions between d electrons, respectively.n ilm (ŝ ilm ) with l = 2 is the charge (spin) density operator for d electrons on site i and orbital m. The operatorŝ iL is defined asŝ iL = γγ ′ a † iLγ (σ) γγ ′ a iLγ ′ /2. σ denotes the Pauli spin matrices.
In the first-principles MLA, we rewrite the Hamiltonian H as the sum of the Hartree-Fock Hamiltonian H 0 and the residual interactions H I :
The residual interaction part is given by
The first term denotes the intra-orbital interactions, the second term is the inter-orbital charge-charge interactions, and the third term expresses the inter-orbital spin-spin interactions, respectively. The Coulomb interaction energy parameters U (α)
and −2J LL ′ (α = 2), respectively. The two-particle operators O
iLL ′ , and O (2) iLL ′ are defined by
Note that δA for an operator A is defined by δA = A − A 0 , ∼ 0 being the average in the Hartree-Fock approximation.
As we have mentioned in the introduction, the LA makes use of the residual interactions {O
iLL ′ } as the correlators which expand the Hilbert space for correlated electrons. The LA however does not lead to the exact result in the weak Coulomb interaction limit. We introduce here the new correlators
Here α denotes the three types operators α = 0, 1, and 2. a † knσ (a knσ ) is the creation (annihilation) operator for an electron with momentum k, band index n, and spin σ. They are given by those in the site representation as a knσ = iL a iLσ kn|iL σ .
The momentum dependent amplitudes λ 
Here
, and ξ
are variational parameters to be determined. It should be noted
iLL ′ , andÕ (2) iLL ′ reduce to the local correlators,
iLL ′ , and O (2) iLL ′ , respectively, when
The two-particle correlatorsÕ
iLL ′ , andÕ (2) iLL ′ describe the intra-orbital correlations, the interorbital charge-charge correlations, and the inter-orbital spin-spin correlations (, i.e., the Hund-rule correlations), respectively. Using the correlators {Õ (α) iLL ′ } and the Hartree-Fock ground-state wavefunction |φ , we construct the first-principles MLA wavefunnction as follows.
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The variational parameters η's, ζ's, and ξ's in the correlators {Õ (α) iLL ′ } are obtained from the variational principle for the ground-state energy E.
Here the correlation energy per atom ǫ c is defined by
N is the number of atoms, and ∼ denotes the full average with respect to
We adopted the single-site approximation (SSA) to calculate the correlation energy ǫ c (see Appendix A for the derivation).
Here the operatorÕ i is defined byÕ i = LÕ
iLL ′ . Each term in the correlation energy (15) is calculated with use of Wick's theorem, and has the following form.
The sum
) are matrix elements related to the residual interactions and have the form R
We obtain the self-consistent equation from the stationary condition δǫ c = 0 as follows.
The above condition yields the self-consistent equations for variational parameters.
The third term at the lhs (left-hand side) of Eq. (22) is the higher order in the Coulomb interactions
LL ′ , so that we can neglect it and find the self-consistent solution in the weak Coulomb interaction limit as follows (see Appendix B for derivation).
is the two-particle excitation energy defined by
in the numerator is the coefficients given by
In order to obtain an approximate solution for more correlated electrons, we can assume the following solution, which interpolates between the weak Coulomb interaction limit and the atomic limit.
Here the spin-dependent coefficients C
, respectively. Note that l (t) implies the longitudinal (transverse) component. The renormalization factors
lLL ′ are the new variational parameters to be determined.
Substituting Eq. (25) into the elements in Eq. (15), we obtain the following forms.
Here the coefficients P 
The coefficients R (21) as follows.
In the paramagnetic case, the variational parametersλ
ατLL ′ are spin independent (i.e.,λ ατLL ′ ), and we can simplify Eq. (31) as follows.λ
HereQ
The final expressions of all the elements are given in Appendix C.
Taking the same steps as in the derivation of ǫ c in Eq. (15) (see Appendix A), we can obtain the average of an operatorÃ = A − A 0 in the SSA as follows.
Using the formula (36), we can obtain other physical quantities. The Fermi level ǫ F is determined from the conduction electron number n e via the relation,
Here and hereafter we omit the hat of the number operator for simplicity. The partial electron number of orbital L on site i is expressed as follows.
Here n iL 0 denotes the Hartree-Fock electron number. The correlation correction ñ iL is obtained by 8/30 using the formula (36) .
The explicit expression of the numerator at the rhs (right-hand-side) of Eq. (39) 
Here the first terms at the rhs denote the Hartree-Fock contributions. ñ iLσ in the second term is given by Eq. (39) in whichñ iL has been replaced byñ iLσ , and is equal to ñ iL /2 in the paramagnetic state.
ñ id in the third term is defined by d L ñ iL . The remaining correlation corrections at the rhs of Eqs. (40) and (41) are obtained from the residual interaction elements O (α) iLL ′ using the formula (36) .
The explicit expressions are summarized in Appendix E.
The momentum distribution function (MDF) is given as follows according to the formula (36) .
The first term at the rhs is the MDF for the Hartree-Fock independent electrons, which is given by the Fermi distribution function at zero temperature f (ǫ knσ ).ǫ knσ is the Hartree-Fock one-electron energy measured from the Fermi level ǫ F . The second term at the rhs of Eq. (43) is the correlation corrections, whereñ knσ is defined byñ knσ = n knσ − n knσ 0 . The numerator is expressed as follows.
Here q
τ is a constant factor taking the value 1 for α=0, 2 for α=1, 1/8 for α=2, τ=l, and 1/4 for α=2,
τ=t, respectively.B LL ′ nσ (k) is a momentum-dependent particle contribution above ǫ F and is expressed as follows.B
where {u Lnσ (k)} are the eigenvectors for a given k point. The hole contributionĈ LL ′ nσ (k) is defined by Eq. (45) in which the energy dependent terms B LL ′ σ (ǫ knσ ) have been replaced by C LL ′ σ (ǫ knσ ). These are given by the Laplace transformation of the local density of states in the Hartree-Fock approximation.
Their explicit expressions in the paramagnetic state are given in Appendix F (see Eqs. (F·4), and (F·5)).
The quasiparticle weight Z k F n characterizes the low energy excitations in metals. It is obtained by taking the difference between n knσ below and above the Fermi level ǫ F . Taking average over the Fermi surface, we obtain the average quasiparticle weight Z.
Here the first term at the rhs denotes the Hartree-Fock part. The second term at the rhs is the correlation corrections. The upper bar in the numerator denotes the average over the Fermi surface, and
. In order to clarify the role of s, p, and d electrons, we consider here the projected MDF for orbital L defined by n kLσ = n n knσ |u Lnσ (k)| 2 . Furthermore, we replace the energy ǫ knσ in the expression with ǫ kLσ = n ǫ knσ |u Lnσ (k)| 2 , i.e., a common energy band projected onto the orbital L. We have then
We can define the quasiparticle weight Z L for the electrons with orbital symmetry L by the jump of n kLσ on the Fermi surface ǫ F .
It should be noted that the projected MDF depend on the momentum k only viaǫ kLσ . The explicit expressions of the correlation corrections at the rhs of Eqs. (47) and (48) are given in Appendix F (see Eqs. (F·15), and (F·17)). Moreover we can verify the sum rule,
Here D is the number of orbitals (D = 9 in the present case). The relation allows us to interpret Z L as a partial quasiparticle weight for the electrons with orbital L.
Numerical Results for BCC Iron
The bcc Fe has extensively been investigated theoretically with use of the realistic Hamiltonians with s, p, and d orbitals at the ground states and at finite temperatures. 35 We solved the self-consistent equations for variational parameters, Eqs. (15), (32) ∼ (35), and (38), and obtained various quantities according to their expressions presented in the last section. In order to understand the systematic change due to the Coulomb interaction strength, we scaled U 0 , U 1 , and J as αU 0 , αU 1 , and αJ using a scaling factor α. We present the correlation energy ǫ c in Fig. 1 In the first-principles MLA, we can describe the intra-orbital, the inter-orbital charge-charge, and the inter-orbital spin-spin correlations by means of the correlators,Õ
iLL ,Õ
iLL ′ , andÕ (2) iLL ′ . When we take into account only the intra-orbital correlations, we find the correlation energy ǫ c = −0.041 Ry for αU 0 = 0.27 Ry (, i.e., for Fe). When we take into account both the intra-orbital and inter-orbital charge-charge correlations, the correlation energy decreases and ǫ c = −0.050 Ry for Fe. When we add the inter-orbital spin-spin correlations, the correlation energy decreases further and we obtain ǫ c = −0.076 Ry for Fe. We find that the inter-orbital correlations make a significant contribution to the correlation energy. We also notice that the inter-orbital spin-spin correlations also delocalize the d electrons as shown in LDA+DMFT combined with the QMC technique, but they could not obtain the mass enhancement for e g electrons because of the non-Fermi liquid behavior due to strong fluctuations in the narrow e g band at finite temperatures. More recently, Pourovski et al. 42) obtained from the low temperature specific heat data, [31] [32] [33] and the recent experimental result m * /m = 
Summary
We have developed the first-principles MLA on the basis of the tight-binding LDA +U Hamiltonian in order to describe correlated electrons in the real system. The MLA wavefunction is constructed by applying the intra-orbital correlators, the inter-orbital charge-charge correlators, and the 16/30 inter-orbital spin-spin correlators with momentum-dependent variational parameters to the HartreeFock uncorrelated state. The wavefunction reduces to the Rayleigh-Schrödinger perturbation theory in the weak Coulomb interaction limit, and describes the ground state of correlated electrons. We derived the self-consistent equations for the variational parameters within the single-site approximation, and obtained the expressions of the physical quantities.
We studied the correlated electron state of the paramagnetic bcc Fe solving the self-consistent equations for momentum-dependent variational parameters. We obtained the correlation energy ǫ c = −0.076 Ry for the paramagnetic Fe, and found that the inter-orbital correlation contribution is com- The present theory is based on the single-site approximation. It is well known that long-range spin 17/30 fluctuations can cause a large magnon mass enhancement. 44) We have to include nonlocal correlations to describe quantitatively the magnetism, the metal-insulator transition, and the frustrated electron system, especially, in low-dimensional system where nonlocal charge and spin fluctuations become significant. We leave these problems for future work.
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Appendix A: Correlation Energy in the SSA
In this Appendix we derive the correlation energy per atom in the single-site approximation (SSA),
i.e., Eq. (15).
The correlation energy is given by
Here A N and B N are defined as follows:
Expanding B N with respect to site 1, we obtain
and B
(1)
Here the product i (1) means the product with respect to all sites except site 1.
When we apply Wick's theorem for the calculations of B N , we neglect the contractions between different sites. This is the SSA, and then Eq. (A·4) is expressed as
We adopt the same approximation for A N . In this case, there are two-types of terms, the terms in which the operatorÕ 1 is contracted toH and the other terms in whichH is contracted to the other operators 18/30 O i (i 1). We have then in the SSA
and
Successive application of the recursive relations (A·7) and (A·6) leads to the following expressions.
Taking the ratio A N /B N , we obtain the correlation energy as follows.
Assuming a site per unit cell and using the relation Õ † i 0 = Õ i 0 = 0, we obtain the correlation energy per site as follows.
Since the HamiltonianH is expressed byH =H 0 + H I and Õ i †H 0 = 0, we obtain the correlation energy ǫ c as follows.
This is the correlation energy in the SSA given in Eq. (15) in §2.
Appendix B: Self-Consistent Solution of Eq. (22) in the Weak Coulomb Interaction Limit
In this Appendix, we present the explicit expressions of P (22), and derive the solution (23) in the weak Coulomb interaction limit.
In the weak Coulomb interaction limit, the third term at the lhs of the self-consistent equation (22) can be neglected because it is higher order in {U (α) LL ′ }. Equation (22) is then expressed as follows.
Here Q
with use of Wick's theorem as follows.
Here C
are defined by Eq. (24) .
Using the expression of the overlap integral iL|kn σ = u Lnσ (k)e −ik·R i / √ N in Eq. (B·5), and
we obtain the self-consistent equation as follows.
Then, we find the following solution by inspection.
This is the solution presented in Eq. (23) in §2.
Appendix C: Matrix Elements in the Self-Consistent Equations (32) ∼ (35)
In this Appendix we present the expressions of all the matrix elements in the self-consistent Eqs. 
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ΓΓ Ω ΓΓλ1ΓΓ
ΓΓ Ω ΓΓλ2tΓΓ
Each element at the rhs of the above expressions (C·4) ∼ (C·10) is expressed as follows.
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ρ Γ (ǫ) at the rhs is the local density of states per spin for orbital L belonging to the representation Γ.
Appendix D: Correlation Correction to Electron Number
In this Appendix, we present the explicit expression of the correlation correction to the electron number of orbital L. As shown Eq. (39), it is given by
The denominator is the renormalization factor of the wavefunction. Expression of Õ i †Õ i 0 has been given by Eqs. (29) and (C·2). The numerator is expressed as follows with use of the irreducible representation Γ with dimensions d Γ to which the orbital L belongs.
The functions a Γ (t) and b Γ (t) have been given in Eqs. (C·19) and (C·20).
Appendix E: Expressions of the Average Residual Interaction Elements
The residual interaction elements
iLL ′ for α= 0, 1, and 2 are given by Eq. (42):
In this Appendix, we present the explicit expressions of each term in the numerator of Eq. (42), which were obtained by using Wick's theorem.
Here T (11)
Finally we have
ΓΓ Ξ ΓΓ ′ Γλ2tΓΓ + U (2)
The expressions of P ΓΓ ′ , M ΓΓ ′ , Ξ ΓΓ ′ Γ ′′ , Ω ΓΓ ′ , and W ΓΓ ′ have been given in Appendix C.
Appendix F: Momentum Distribution Function
In this Appendix we present the explicit expressions of B LL ′ σ (ǫ knσ ) and C LL ′ σ (ǫ knσ ) in Eq. (45) in the paramagnetic state, and derive the average quasiparticle weights (46) and (48). The numerator of the correlation correction to the momentum distribution n knσ is then presented in Eq. (44) :
The particle and hole contributions,B LL ′ n (k) andĈ LL ′ n (k) are expressed by Eq. (45): 26/30 Assuming that orbital L belongs to an irreducible representation Γ, we obtain the expressions of the B LL ′ (ǫ kn ) and C LL ′ (ǫ kn ) as follows.
The quasiparticle weight is obtained from the jump at the Fermi level: Z k F n = n knσ k F− − n knσ k F+ .
Here k F− (k F+ ) means the wavevector just below (above) the Fermi surface. According to Eq. (43), it is given by
Here the numerator of the correlation corrections is given by
2 ΓΓλ 2 1ΓΓ Taking average over the Fermi surface, we obtain the average quasiparticle weight Z, Eq. (46) as follows.
2 ΓΓλ 2 1ΓΓ
HereB ΓΓ ′ n (k F ) andC ΓΓ ′ n (k F ) are defined bȳ
The average amplitude of eigenvector |u Γn (k F )| 2 is obtained as follows.
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Here ρ Γ (ǫ F ) ( ρ(ǫ F )) is the partial (total) density of states at the Fermi level ǫ F .
The projected momentum distribution function (MDF) is defined by
Using the formula (36), we obtain the expression of the projected MDF, Eq.(47):
The correlation correction of the projected MDF at the rhs is expressed as follows after taking the average over k with constant energy ǫ kL as in Eq. (F·12).
This is the explicit expression of the numerator of the second term of Eq. (47).
With use of Eqs. (F·14) and (F·15), the partial quasiparticle weight Z L is given by Eq. (48):
and the explicit expression of the numerator of the correlation correction is given as follows.
2 ΓΓλ 2 1ΓΓ 
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